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8th	
  Grade,	
  NAEP	
  1996	
  
Es.mate	
  the	
  answer	
  to	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  +	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
Answer	
  choices	
  were:	
  

A.  1 

B.  2 

C.  19 

D.  21 

E.  DK/No answer 

7% 

24% 

28% 

27% 

14% 
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“The	
  difficulty	
  with	
  frac.ons	
  (including	
  
decimals	
  and	
  percents)	
  is	
  pervasive	
  and	
  
is	
  a	
  major	
  obstacle	
  to	
  further	
  progress	
  in	
  
mathema.cs.	
  .	
  .”	
  

—Report	
  of	
  the	
  Na,onal	
  Math	
  Panel,	
  	
  
March	
  2008	
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4th	
  Grade	
  &	
  8th	
  Grade	
  NAEP,	
  2003	
  

•  	
  	
  

22%	
  

27%	
  

30%	
  

19%	
  

4th	
   4th	
  8th	
  

15%	
  

21%	
  

8th	
  

54%	
  

8%	
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8th	
  Grade,	
  NAEP	
  2007	
  

•  	
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Why	
  are	
  frac.ons	
  so	
  hard?	
  

•  Frac.on	
  nota.on	
  –	
  numbers	
  must	
  be	
  
considered	
  in	
  new	
  ways	
  

•  Prac.ces	
  that	
  simplify	
  and/or	
  mask	
  the	
  
meaning	
  of	
  frac.ons	
  

•  Many	
  meanings	
  of	
  frac.ons	
  

•  Overreliance	
  on	
  whole	
  number	
  knowledge	
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Brendan,	
  Grade	
  4	
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“Students	
  make	
  mistakes	
  not	
  
because	
  they	
  are	
  not	
  thinking,	
  but	
  

because	
  they	
  are	
  thinking.”	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
   	
   	
   	
   	
   	
  	
  	
  

	
   	
   	
   	
   	
   	
   	
   	
   	
  -­‐Constance	
  Kamii	
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What	
  is	
  Frac.on	
  Sense?	
  

	
  Frac.on	
  sense	
  is	
  .ed	
  to	
  common	
  sense:	
  
Students	
  with	
  frac.on	
  sense	
  can	
  reason	
  
about	
  frac.ons	
  and	
  don’t	
  apply	
  rules	
  and	
  
procedures	
  blindly	
  -­‐	
  nor	
  do	
  they	
  give	
  
nonsensical	
  answers	
  to	
  problems	
  involving	
  
frac.ons.	
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Common	
  Core	
  State	
  Standards	
  
Number	
  and	
  Opera.ons	
  –	
  3.NF	
  

Develop	
  understanding	
  of	
  frac.ons	
  as	
  numbers.	
  
1.  Understand	
  a	
  frac.on	
  1/b	
  as	
  the	
  quan.ty	
  formed	
  by	
  1	
  

part	
  when	
  a	
  whole	
  is	
  par..oned	
  into	
  b	
  equal	
  parts;	
  
understand	
  a	
  frac.on	
  a/b	
  as	
  the	
  quan.ty	
  formed	
  by	
  a	
  
parts	
  of	
  size	
  1/b.	
  

2.  Understand	
  a	
  frac.on	
  as	
  a	
  number	
  on	
  the	
  number	
  line;	
  
represent	
  frac.ons	
  on	
  a	
  number	
  line	
  diagram.	
  

3.  Explain	
  equivalence	
  of	
  frac.on	
  in	
  special	
  cases,	
  and	
  
compare	
  frac.ons	
  by	
  reasoning	
  about	
  their	
  size.	
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“It	
  may	
  be	
  surprising	
  that,	
  for	
  most	
  students,	
  
to	
  think	
  of	
  a	
  ra.onal	
  number	
  as	
  a	
  number	
  
–	
  as	
  an	
  individual	
  en.ty	
  or	
  a	
  single	
  point	
  
on	
  a	
  number	
  line	
  –	
  is	
  a	
  novel	
  idea.”	
  

—Adding	
  it	
  Up:	
  Helping	
  Children	
  Learn	
  Mathema,cs,	
  
	
  Na.onal	
  Research	
  Council,	
  2001	
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Common	
  Core	
  State	
  Standards	
  
Number	
  and	
  Opera.ons	
  –	
  4.NF	
  

Extend	
  understanding	
  of	
  frac.on	
  equivalence	
  
and	
  ordering.	
  

Build	
  frac.ons	
  from	
  unit	
  frac.ons	
  by	
  applying	
  
and	
  extending	
  previous	
  understandings	
  of	
  
opera.ons	
  on	
  whole	
  numbers.	
  

Understand	
  decimal	
  nota.on	
  for	
  frac.ons,	
  and	
  
compare	
  decimal	
  frac.ons.	
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Common	
  Core	
  State	
  Standards	
  
Number	
  and	
  Opera.ons	
  –	
  5.NF	
  

Use	
  equivalent	
  frac.ons	
  as	
  a	
  strategy	
  to	
  add	
  and	
  
subtract	
  frac.ons.	
  

Apply	
  and	
  extend	
  previous	
  understandings	
  of	
  
mul.plica.on	
  and	
  division	
  to	
  mul.ply	
  and	
  
divide	
  frac.ons.	
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Common	
  Core	
  State	
  Standards	
  
Number	
  and	
  Opera.ons	
  –	
  6.NS	
  

Apply	
  and	
  extend	
  previous	
  understandings	
  of	
  
mul.plica.on	
  and	
  division	
  to	
  divide	
  frac.ons	
  
by	
  frac.ons.	
  

Apply	
  and	
  extend	
  previous	
  understandings	
  of	
  
numbers	
  to	
  the	
  system	
  of	
  ra.onal	
  numbers.	
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Common	
  Core	
  State	
  Standards	
  
Number	
  and	
  Opera.ons	
  –	
  7.NS	
  

Apply	
  and	
  extend	
  previous	
  understandings	
  of	
  
opera.ons	
  with	
  frac.ons	
  to	
  add,	
  subtract,	
  
mul.ply,	
  and	
  divide	
  ra.onal	
  numbers.	
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Common	
  Core	
  State	
  Standards	
  
Number	
  and	
  Opera.ons	
  –	
  8.NS	
  

Know	
  that	
  there	
  are	
  numbers	
  that	
  are	
  not	
  
ra.onal,	
  and	
  approximate	
  them	
  by	
  ra.onal	
  
numbers.	
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Common	
  Core	
  Standards	
  for	
  
Mathema.cal	
  Prac.ce	
  

1. Make	
  sense	
  of	
  problems	
  and	
  persevere	
  in	
  solving	
  them.	
  
2. Reason	
  abstractly	
  and	
  quan.ta.vely.	
  
3. Construct	
  viable	
  arguments	
  and	
  cri.que	
  the	
  reasoning	
  	
  	
  

of	
  others.	
  
4. Model	
  with	
  mathema.cs.	
  
5. Use	
  appropriate	
  tools	
  strategically.	
  
6. Anend	
  to	
  precision.	
  
7. Look	
  for	
  and	
  make	
  use	
  of	
  structure.	
  
8. Look	
  for	
  and	
  express	
  regularity	
  in	
  repeated	
  reasoning.	
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Understanding	
  Frac.on	
  
Equivalency	
  through	
  

Measurement	
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Common	
  Core	
  State	
  Standards	
  
Number	
  and	
  Opera.ons	
  –	
  Frac.ons	
  

Grade	
  3:	
  Explain	
  equivalence	
  of	
  frac.on	
  in	
  special	
  cases,	
  
and	
  compare	
  frac.ons	
  by	
  reasoning	
  about	
  their	
  size.	
  
Grade	
  4:	
  Extend	
  understanding	
  of	
  frac.on	
  equivalence	
  
and	
  ordering.	
  
Grade	
  5:	
  Use	
  equivalent	
  frac.ons	
  as	
  a	
  strategy	
  to	
  add	
  
and	
  subtract	
  frac.ons.	
  

Grades	
  6-­‐8:	
  Apply	
  and	
  extend	
  previous	
  understandings…	
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Why	
  Measurement?	
  

•  Frac.ons	
  occur	
  naturally	
  in	
  measurement	
  
ac.vi.es	
  

•  Presents	
  frac.ons	
  a	
  unit	
  of	
  measure	
  

•  Highlights	
  the	
  importance	
  of	
  the	
  unit	
  

•  Supports	
  connec.ons	
  between	
  a	
  frac.on	
  and	
  
a	
  point	
  on	
  a	
  number	
  line	
  

•  Can	
  be	
  applied	
  to	
  any	
  frac.on	
  representa.on	
  	
  



©	
  2011	
  Math	
  Solu.ons	
  

Measure	
  the	
  marker	
  with	
  	
  
brown	
  rods	
  

Brown	
  Rod	
  
Remainder	
  
Length	
  

Purple	
  Rod	
   Purple	
  Rod	
  

Purple	
  Rod	
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Common	
  Core	
  State	
  Standards	
  
Number	
  and	
  Opera.ons	
  –	
  3.NF	
  

	
  Understand	
  a	
  frac.on	
  1/b	
  as	
  the	
  quan.ty	
  
formed	
  by	
  1	
  part	
  when	
  a	
  whole	
  is	
  par..oned	
  
into	
  b	
  equal	
  parts;	
  understand	
  a	
  frac.on	
  a/b	
  as	
  
the	
  quan.ty	
  formed	
  by	
  a	
  parts	
  of	
  size	
  1/b.	
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Before	
  we	
  begin	
  –	
  a	
  comment	
  
about	
  Cuisenaire	
  Rods	
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Brown	
  Rod	
   Purple	
  Rod	
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Measure	
  the	
  marker	
  with	
  	
  
brown	
  rods	
  

Brown	
  Rod	
  
Remainder	
  
Length	
  

Red	
  
Rod	
  

Red	
  
Rod	
  

Red	
  
Rod	
  

Red	
  
Rod	
  

Red	
  
Rod	
  

Red	
  
Rod	
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Remainder	
  
Length	
  

Brown	
  Rod	
  
Red	
  
Rod	
  

Red	
  
Rod	
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Measure	
  the	
  marker	
  with	
  	
  
brown	
  rods	
  

Brown	
  Rod	
  
Remainder	
  
Length	
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Brown	
  Rod	
  
Remainder	
  
Length	
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Item	
   First	
  Way	
   Second	
  Way	
   Third	
  Way	
  

Marker	
  

Pencil	
  

Book	
  

1 ½ br. rods  1 2/4 br. rods   1 4/8 br. rods  
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“The	
  context	
  in	
  which	
  any	
  vehicle	
  –	
  
concrete	
  or	
  pictorial	
  –	
  is	
  used	
  is	
  as	
  
important	
  as	
  the	
  material	
  itself.	
  By	
  
context,	
  I	
  mean	
  the	
  ways	
  in	
  which	
  
students	
  work	
  with	
  the	
  material,	
  toward	
  
what	
  purposes,	
  with	
  what	
  kinds	
  of	
  talk	
  
and	
  interac.on.”	
  

	
   	
   	
  -­‐Deborah	
  Ball,	
  Dean	
  of	
  the	
  School	
  of	
  Educa,on,	
  
	
   	
   	
   	
   	
   	
   	
   	
   	
   	
  University	
  of	
  Michigan	
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“The	
  context	
  in	
  which	
  any	
  vehicle	
  –	
  
concrete	
  or	
  pictorial	
  –	
  is	
  used	
  is	
  as	
  
important	
  as	
  the	
  material	
  itself.	
  By	
  
context,	
  I	
  mean	
  the	
  ways	
  in	
  which	
  
students	
  work	
  with	
  the	
  material,	
  toward	
  
what	
  purposes,	
  with	
  what	
  kinds	
  of	
  talk	
  
and	
  interac)on.”	
  

	
   	
   	
  -­‐Deborah	
  Ball,	
  Dean	
  of	
  the	
  School	
  of	
  Educa,on,	
  
	
   	
   	
   	
   	
   	
   	
   	
   	
   	
  University	
  of	
  Michigan	
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Brown	
  Rod	
  

Brown	
  Rod	
  
Red	
  
Rod	
  

Red	
  
Rod	
  

Brown	
  Rod	
   Purple	
  Rod	
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Frac.on	
  Sense	
  and	
  	
  
Opera.ons	
  with	
  Frac.ons	
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Find	
  the	
  sum	
  

35 
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Find	
  the	
  sum	
  

Is	
  the	
  answer	
  greater	
  or	
  less	
  than	
  1?	
  	
  

Is	
  the	
  answer	
  greater	
  or	
  less	
  than	
  	
  	
  	
  ?	
  	
  

What	
  else	
  do	
  I	
  know	
  about	
  the	
  answer?	
  	
  

X 
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Adding	
  on	
  the	
  Number	
  Line	
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Number	
  Line	
  Principles	
  
(adapted	
  from	
  the	
  Learning	
  Mathema.cs	
  through	
  

Representa.ons	
  Project	
  at	
  UC	
  Berkeley)	
  

•  Numbers	
  increase	
  in	
  value	
  from	
  ler	
  to	
  right.	
  
Numbers	
  decrease	
  in	
  value	
  from	
  right	
  to	
  ler.	
  

•  The	
  value	
  of	
  a	
  number	
  is	
  based	
  on	
  its	
  distance	
  
from	
  zero.	
  

•  The	
  “unit	
  interval”	
  is	
  the	
  distance	
  from	
  0	
  to	
  1	
  
(or	
  any	
  equivalent	
  distance	
  on	
  the	
  line).	
  

•  As	
  long	
  as	
  any	
  2	
  numbers	
  are	
  shown	
  on	
  the	
  
line	
  the	
  unit	
  interval	
  can	
  be	
  determined.	
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Number	
  Line	
  Principles	
  
(adapted	
  from	
  the	
  Learning	
  Mathema.cs	
  through	
  

Representa.ons	
  Project	
  at	
  UC	
  Berkeley)	
  

•  The	
  unit	
  interval	
  can	
  be	
  divided	
  further	
  into	
  
sub-­‐units.	
  

•  The	
  denominator	
  of	
  a	
  frac.on	
  tells	
  how	
  many	
  
sub-­‐units	
  the	
  unit	
  interval	
  has	
  been	
  divided	
  
into.	
  

•  Every	
  number	
  has	
  a	
  place	
  on	
  the	
  number	
  line,	
  
but	
  not	
  every	
  number	
  needs	
  to	
  be	
  shown.	
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Making	
  a	
  Number	
  Line	
  
•  Take	
  out	
  4	
  dark	
  green	
  rods.	
  
•  Use	
  2	
  dark	
  green	
  rods	
  to	
  create	
  your	
  unit	
  
interval.	
  	
  	
  	
  One	
  dark	
  green	
  rod	
  equals	
  ½	
  of	
  
the	
  unit	
  interval.	
  

0 1 2
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2-­‐Unit	
  Number	
  Line	
  

0 1 2
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•  	
  	
  

0 1 2
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•  Did	
  you	
  need	
  to	
  find	
  any	
  equivalent	
  frac.ons?	
  
•  Did	
  this	
  idea	
  come	
  up?	
  

 Understand	
  a	
  frac,on	
  1/b	
  as	
  the	
  quan,ty	
  
formed	
  by	
  1	
  part	
  when	
  a	
  whole	
  is	
  par,,oned	
  
into	
  b	
  equal	
  parts;	
  understand	
  a	
  frac,on	
  a/b	
  
as	
  the	
  quan,ty	
  formed	
  by	
  a	
  parts	
  of	
  size	
  1/b.	
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•  	
  	
  

0 1 2
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•  Did	
  you	
  need	
  to	
  find	
  any	
  equivalent	
  frac.ons?	
  
•  Did	
  this	
  idea	
  come	
  up?	
  

 Understand	
  a	
  frac,on	
  1/b	
  as	
  the	
  quan,ty	
  
formed	
  by	
  1	
  part	
  when	
  a	
  whole	
  is	
  par,,oned	
  
into	
  b	
  equal	
  parts;	
  understand	
  a	
  frac,on	
  a/b	
  
as	
  the	
  quan,ty	
  formed	
  by	
  a	
  parts	
  of	
  size	
  1/b.	
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•  	
  	
  

0 1 2
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•  	
  	
  

0 1 2
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•  	
  	
   •  	
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Moving	
  beyond	
  the	
  rods…	
  

•  How	
  can	
  this	
  experience	
  help	
  students	
  think	
  about	
  
adding	
  without	
  using	
  the	
  rods?	
  

•  What	
  important	
  ideas	
  are	
  students	
  drawing	
  upon?	
  

•  What	
  important	
  ideas	
  are	
  students	
  developing?	
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Common	
  Core	
  State	
  Standards	
  
Number	
  and	
  Opera.ons	
  –	
  Frac.ons	
  

Grade	
  5:	
  	
  Use	
  equivalent	
  frac.ons	
  as	
  a	
  strategy	
  
to	
  add	
  and	
  subtract	
  frac.ons.	
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Find	
  the	
  sum	
  

1.	
  Start	
  with	
  finding	
  equivalent	
  frac.ons. 

2.	
  Then	
  find	
  common	
  denominators.. 

3.	
  Add,	
  and	
  check	
  to	
  see	
  if	
  my	
  answer	
  
makes	
  sense. 
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Finally…..	
  

•  	
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60%	
  of	
  4th	
  graders	
  and	
  51%	
  of	
  6th	
  graders	
  
	
  agreed	
  with	
  the	
  statement.	
  



©	
  2011	
  Math	
  Solu.ons	
  

73%	
  of	
  4th	
  graders	
  and	
  57%	
  of	
  6th	
  graders	
  
	
  agreed	
  with	
  the	
  statement.	
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Frac.on	
  Sense	
  and	
  	
  
Mul.plica.on	
  with	
  the	
  	
  

Number	
  Line	
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•  	
  	
  

0 1 2
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0 1 2
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0 1 2
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•  	
  	
  

0 1
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0 1



©	
  2011	
  Math	
  Solu.ons	
  

0 1
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Frac.on	
  Sense	
  and	
  Division	
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Yours	
  is	
  not	
  to	
  reason	
  why;	
  
just	
  invert	
  and	
  mul,ply.	
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Consider…..	
  

•  	
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NAEP,	
  2003	
  (Modified)	
  

•  	
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Something	
  else	
  to	
  consider…	
  
•  	
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Inverse	
  Opera.ons	
  

Addi)on	
  
A	
  number's	
  addi,ve	
  
inverse	
  is	
  the	
  number	
  that	
  
you	
  can	
  add	
  to	
  the	
  original	
  
number	
  to	
  get	
  the	
  
addi.ve	
  iden.ty	
  (0).	
  For	
  
example,	
  the	
  addi.ve	
  
inverse	
  of	
  67	
  is	
  -­‐67,	
  
because	
  67	
  +	
  -­‐67	
  =	
  0,	
  the	
  
addi.ve	
  iden.ty.	
  

•  	
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Inverse	
  Opera.ons	
  

•  	
  	
   •  	
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Invert	
  and	
  Mul.ply	
  

In	
  order	
  to	
  understand	
  this….	
  

3 
2 

x x 3 
2 
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Students	
  need	
  to	
  understand	
  this…	
  

•  	
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In	
  addi.on	
  –	
  you	
  really	
  can	
  divide	
  
across	
  numerators	
  and	
  denominators…	
  	
  
•  	
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Some.mes	
  it’s	
  more	
  elegant	
  
	
  than	
  others….	
  

•  	
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Some.mes,	
  well	
  not	
  so	
  much…	
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Another	
  Proof	
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What	
  is	
  Frac.on	
  Sense?	
  

	
  	
   	
  Frac.on	
  sense	
  is	
  .ed	
  to	
  common	
  
sense:	
  Students	
  with	
  frac.on	
  sense	
  can	
  
reason	
  about	
  frac.ons	
  and	
  don’t	
  apply	
  
rules	
  and	
  procedures	
  blindly	
  -­‐	
  nor	
  do	
  
they	
  give	
  nonsensical	
  answers	
  to	
  
problems	
  involving	
  frac.ons.	
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Common	
  Core	
  Standards	
  for	
  
Mathema.cal	
  Prac.ce	
  

1. Make	
  sense	
  of	
  problems	
  and	
  persevere	
  in	
  solving	
  them.	
  
2. Reason	
  abstractly	
  and	
  quan.ta.vely.	
  
3. Construct	
  viable	
  arguments	
  and	
  cri.que	
  the	
  reasoning	
  	
  	
  

of	
  others.	
  
4. Model	
  with	
  mathema.cs.	
  
5. Use	
  appropriate	
  tools	
  strategically.	
  
6. Anend	
  to	
  precision.	
  
7. Look	
  for	
  and	
  make	
  use	
  of	
  structure.	
  
8. Look	
  for	
  and	
  express	
  regularity	
  in	
  repeated	
  reasoning.	
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What	
  can	
  you	
  do	
  to	
  help?	
  
•  Support	
  students’	
  understanding	
  of	
  frac.ons	
  
as	
  numbers.	
  

•  Support	
  students’	
  understanding	
  of	
  
equivalence.	
  

•  Focus	
  on	
  proper.es	
  of	
  arithme.c.	
  

•  Help	
  students	
  appropriately	
  connect	
  whole-­‐
number	
  knowledge	
  to	
  working	
  with	
  frac.ons.	
  

•  Provide	
  opportuni.es	
  for	
  students	
  to	
  reason	
  
about	
  frac.ons.	
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“Students	
  make	
  mistakes	
  not	
  
because	
  they	
  are	
  not	
  thinking,	
  but	
  

because	
  they	
  are	
  thinking.”	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
   	
   	
   	
   	
   	
  	
  	
  

	
   	
   	
   	
   	
   	
   	
   	
   	
  -­‐Constance	
  Kamii	
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  “Children	
  who	
  are	
  successful	
  at	
  
making	
  sense	
  of	
  mathema.cs	
  are	
  

those	
  who	
  believe	
  that	
  
mathema.cs	
  makes	
  sense.” 	
  	
  

	
  	
   	
   	
   	
   	
   	
   	
   	
   	
   	
   	
  -­‐Lauren	
  Resnick	
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Thank	
  you!!	
  

For	
  copies	
  of	
  the	
  slides	
  from	
  this	
  
presenta.on	
  please	
  go	
  to:	
  

mathsolu.ons.com/presenta.ons	
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mathsolu.ons.com	
  
800.868.9092	
  

info@mathsolu.ons.com	
  

jmcnamara@mathsolu.ons.com	
  


